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Nonlinear Statistical Approach for Aeroelastic
Response Prediction

Cristina Adela Popescu¤ and Yau Shu Wong†

University of Alberta, Edmonton, Alberta T6G 2G1, Canada

Aging aircraft and combat aircraft that carry heavy external stores potentially face problems arising from
nonlinearities in structure. An expert data mining system is proposed that is capable of predicting the asymptotic
behavior of an aeroelastic system with structural nonlinearities represented by polynomial restoring forces or
freeplay models. The input is represented only by a limited set of transient data. The output provides a long-
term nonlinear aeroelastic response, and the prediction is made when certain rule-based reasoning conditions are
satis� ed. An attractive feature of this new approach is that no information about the system parameters is needed.
In the prediction module, we propose two methods, based on nonlinear time series models and the unscented
Kalman � lter. To our knowledge, these approaches have not been reported so far for predicting the long-term
nonlinear aeroelastic responses. Compared with the classical extended Kalman � lter, the unscented � lter does
not require differentiability and can be applied to nonlinear aeroelastic models with freeplay and hysteresis. The
performances of the expert data mining system are demonstrated for simulateddata and wind-tunnel experimental
aeroelastic data resulting from a two-degree-of-freedom airfoil oscillating in pitch and plunge.

Nomenclature
E[x jy] = conditional expectation of x with respect to y
m = maximum regression order for the estimation

of a time series model
N = number of observations
NPn = E[fxn ¡ Nxngfxn ¡ NxngT jy1; : : : ; yn ]
OPn C 1 = E[fxn C 1 ¡ Oxn C 1gfxn C 1 ¡ Oxn C 1gT jy1; : : : ; yn ]
OPxy .n C 1/ = E[fxn C 1 ¡ Oxn C 1gfyn C 1 ¡ Oyn C 1gT jy1; : : : ; yn ]
OPº.n C 1/ = E[ºn C 1º

T
n C 1jy1; : : : ; yn ]

q = dimension of the process noise v
s = dimension of the state space
Xn = current observationsof the given time series
xn = state at the discrete time n
Nxn = E[xnjy1; : : : ; yn]
Oxn C 1 = E[xn C 1jy1; y2; : : : ; yn]
Nxa

n = [ Nxn ; 0]T

yn = observation at the discrete time n
ºn C 1 = yn C 1 ¡ Oyn C 1

Introduction

A N understandingof the nonlinearaeroelasticresponse is a cru-
cial problem for the aerospace community because the com-

plex aeroelastic phenomenon plays an important role in the safe
design of an aircraft. The classical linear theory is not appropriate
for studying limit-cycle oscillations (LCOs), and it may lead to in-
accurate results for predictingthe � utter boundaries.1 In a nonlinear
formulation, the aeroelastic problem has been studied by many re-
searchersviamathematicalanalysisandnumericalsimulations.Sev-
eral mathematical models based on nonlinear systems of ordinary
differentialequations(ODEs), which canbe expressedin state-space
form, have been employed to study the LCOs and � utter for various
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typesof airfoilsandnonlinearities.2¡4 In thecitedpapers,the nonlin-
ear ODE system is studied using numerical approachesbased on � -
nite differencemethods, the Runge–Kutta time-integratingscheme,
or the describing function technique.For nonlinearcontrol of a pro-
totypical wing section with a torsional nonlinearity, Ko et al.5 also
consider a model based on an ODE system that can be expressed
in state-space form. They investigatea model with polynomialnon-
linearities, and Lie algebraic methods are employed for feedback
controllers.The results are validated by the experiments performed
at Texas A&M University.6

In practice, such as with the ground vibration test and the actual
� ight test, only the dynamic responsecorrespondingto a givenexci-
tation is recorded.Hence, it is desirable to develop a techniquesuch
that one could predict the LCO and other complex aeroelastic phe-
nomena from the dynamic response only. A possible solution is to
use a neural-networkapproach.7 The goal of this paper is to present
a new methodologybased on modern data processingtechniques,in
whichanexpertdataminingsystem(EDMS) is developed.The basic
structureof anEDMS is illustratedin Fig. 1. The EDMS is especially
designed to deal with aeroelasticdata with structural nonlinearities.
We propose two new approaches for the long-term prediction of
the aeroelastic response, namely the nonlinear time series models
and the unscented � lter8 (UF). Compared with a neural-network
approach, the proposed nonlinear time series models are compu-
tationally ef� cient, and they require simple training algorithms. In
addition, the UF method can take advantage of information about
the mathematicalmodels associatedwith the experimentaldata, and
thus it can provide more accurate predictions.

Given a time series X D [x1; x2; : : : ; xn ], which containsa limited
number of transientobservations,we want to predict the subsequent
values [xn C 1; xn C 2; : : :]. In a classical approach, linear time series
modelsor the Kalman � lter are commonlyused to performone-step-
ahead predictionsor short-termpredictions.The main advantageof
the two nonlinear approaches proposed in this paper is the capa-
bility of making not only short-term predictions, but also accurate
long-term predictions. The classi� cation rules of the EDMS infer-
ence engine are based on these long-term predictions. If the results
obtainedwith two different approachesagree, the � nal output of the
EDMS gives the asymptotic characterization of the system (such
as LCO or damped or divergent oscillations) together with the pre-
dicted nonlinear motions.

Linear time series models, such as autoregressive moving aver-
age (ARMA)9;10 or autoregressivemoving average with exogenous
variable (ARMAX)11 models, are frequently used for system iden-
ti� cation of aeroelastic system and � utter prediction. Because the
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Fig. 1 Expert data mining system.

nonlinearitiesin the aerodynamicsor the structureof an aircraft can
critically affect the aeroelasticbehavior, it is, therefore,desirable to
develop nonlinear models. Another important consideration in de-
veloping the EDMS is the capability to handle input data corrupted
with noise. The performances of ARMA and ARMAX models are
known to be very sensitive to the measurement errors.12 Tests car-
ried out at the noise levels of 5, 10, 15, and 20% found that the mean
� utter predictionusing ARMA-based methods was acceptableonly
for the case with 5% noise level.To overcomethis dif� culty,wavelet
� lters have been implemented in the preprocessing module of the
EDMS. Consequently, the parameter estimating procedures can be
applied to the � ltered signal instead of the original noisy data.

Kalman estimators have a long history in the study of aeroelas-
tic phenomena (see Ref. 13). The extended Kalman � lter (EKF) is
often applied as a real-time parameter identi� er (see Ref. 14). How-
ever, the EKF can not be applied to nondifferentiablenonlinearities
such as those encountered in freeplay or hysteresis models. In the
proposed EDMS, we consider the UF.15 Its performance is compa-
rable to the EKF,15 but the UF does not require the calculation of
any Jacobians.Thus, the UF method is capableof dealing with con-
tinuous nondifferentiable nonlinearities, and it is computationally
ef� cient.

Preprocessing
Generallyspeaking,all real dataare contaminatedby noise.How-

ever, the noise effect may vary. For instance, the noise content from
a typical ground test is usually small, and the majority is caused by
the measurement noise. On the other hand, in a � ight � utter test,
the amount of noise corruption due to turbulence is often signi� -
cant. Because an important dif� culty in using nonlinear time series
models is due to their sensitivity to noise, it is important to reduce
the noise effects. In this study, we apply a wavelet � ltering,16 which
mainly uses a transform-basedthresholding,working in three steps.

1) Transform the noisy data into an orthogonal domain.
2) Apply soft or hard thresholding to the resulting coef� -

cients, thereby suppressing those coef� cients smaller than a certain
amplitude.

3) Transform back into the original domain.
The wavelet transform is based on a multiresolution analysis.17

By multiresolution, a wavelet transform can be organized as a lad-
der of component stages, each one involving simply the applica-
tion of digital � ltering to certain discrete time “signals.” Conse-
quently, this leads to a fast and ef� cient orthogonal transform of
O.N /. Our CCC implementation of the wavelets � lters is based
on the MATLAB® programs of WAVELAB (available online at
http://www-stat.stanford.edu/wavelab/ [cited 21 May 2003]).

Denoising using hard and soft thresholdingand orthogonalmax-
imally decimated wavelet transforms can cause certain visual ar-
tifacts, some of them due to the lack of translation invariance of

the wavelet basis. To overcome these dif� culties, we apply trans-
lation invariant transformations16: The noisy signal is shifted, then
denoised with wavelet thresholding, and � nally unshifted. The im-
plementation of this method over the range of all circulant shifts is
of O.N log2 N /.

In addition to the denoisingstep, the input data are transformedto
the interval [¡1; 1], and we work with the mean deleted time series.
Moreover, as part of the preprocessing module, we apply standard
linearity, stationarity,and Gaussian tests to the input data.18

Nonlinear Time Series Models
Two nonlinear time series models, namely, the amplitude-

dependent exponential autoregressive models (EXPAR)19 and the
self-exciting autoregressive models (SETAR),18 are being consid-
ered. Because the EDMS is designed to deal with nonstationary
data that exhibit complex nonlinear dynamics, we prefer nonlin-
ear models. The EXPAR models are suitable for polynomial struc-
tural nonlinearities, and the SETAR models include the threshold
structure speci� c to freeplayor hysteresis.The performance assess-
ment of the EXPAR and SETAR models is based on the study of
residuals.18

Amplitude-Dependent EXPAR
The EXPAR models incorporate both the amplitude-dependent

frequencyand the limit-cyclebehavior.The basicformof anEXPAR
model of order p is given by

Xn D
±
81 C ¼1e¡° X 2

n ¡ 1

²
Xn ¡ 1 C ¢ ¢ ¢ C

±
8 p C ¼pe¡° X2

n ¡ 1

²
Xn ¡ p C en

(1)

where 8i ; ¼i , i D 1; : : : p, and ° are constants and en is a discrete
Gaussianwhitenoiseprocess.Sucha model impliesthat Xn is a sym-
metric process, although Xn is not constrained to being Gaussian.

If we ignore the white noise input, it has been shown20 that
the necessary conditions for the solutions of Eq. (1) to ex-
hibit a limit-cycle behavior are 1) the roots of ¸p ¡ 81¸

p ¡ 1 ¡
¢ ¢ ¢ ¡ 8p D 0 lie inside the unit circle, 2) the roots of
¸p ¡ .81 C ¼1/¸

p ¡ 1 ¡ ¢ ¢ ¢ ¡ .8p C ¼ p/ D 0 do not lie inside the
unit circle, and 3) there is no nonzero singular point, or all nonzero
singular points are unstable.

These conditions replace the usual stability conditions for the
ARMA models, and they can be used to generalize the approach in
Ref. 10 for � nding the � utter margin.

For complex dynamic predictions, the EXPAR model (1) can be
extended20 to the following form:

Xn D
±

81 C f1.Xn ¡ 1/e
¡° X 2

n ¡ 1

²
Xn ¡ 1 C ¢ ¢ ¢

C
±

8p C f p.Xn ¡ 1/e¡° X 2
n ¡ 1

²
Xn ¡ p C en (2)

where fi .Xn ¡ 1/e¡X2
n ¡ 1 ; i D 1; : : : ; p, are Hermite-type poly-

nomials:

fi .Xn ¡ 1/ D ¼
.i /
0 C ¼

.i/
1 Xn ¡ 1 C ¢ ¢ ¢ C ¼ .i/

ri
X ri

n ¡ 1 (3)

The model given in Eq. (2) admits a more sophisticated nonlinear
dynamics. For example, if the order ri of the polynomials fi .Xn ¡ 1/
are odd, then Xn is not constrained to being a symmetric process.

We now brie� y present an ef� cient procedure for estimating
the coef� cients of the EXPAR model (2). In general, the estima-
tion of the order p and the coef� cients f°; .8i ; ¼

.i /
j /, j D 0; : : : ;

ri ; i D 1; : : : ; pg require a nonlinear optimization procedure. How-
ever, this optimization problem can be reduced to the � tting of a
linear regression.19 For n D m C 1; : : : ; N , we rewrite Eq. (2) as

X .N / D A¯ C e (4)

where

¯ D
h
81; ¼

.1/

0 ; : : : ; ¼ .1/
r1

; : : : ; 8p ; ¼
. p/

0 ; : : : ; ¼ .p/
rp

iT

(5)
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A D
h

X .N ¡ 1/; Y .N ¡ 1/

0 ; : : : ; Y .N ¡ 1/
r1

;

: : : ; X .N ¡ p/; Y .N ¡ p/

0 ; : : : ; Y .N ¡ p/
rp

i
(6)

e D [eN ; eN¡1; : : : ; em C 1]
T (7)

Here,

X .n/ D [Xn; Xn ¡ 1; : : : ; Xn ¡ .N ¡ m ¡ 1/]
T (8)

Y .n/

i D
h

Xne¡° X 2
N ¡ 1 X i

N ¡ 1; Xn ¡ 1e
¡° X 2

N ¡ 2 X i
N ¡ 2;

: : : ; Xn ¡ .N ¡ m ¡ 1/e
¡° X 2

m X i
m

iT

(9)

The parameter° is selected from a grid in a range such that e¡° X2
n ¡ 1

is different from both 0 and 1 for most values of Xn ¡ 1. For each
value of ° , ¯ is estimated using a singular value decomposition in
the normal equations,

A¯ D X .N / (10)

The choice of the maximum order m is subjective,and it depends
on the sample size. The order p of the � tted model is determined
using the Akaike’s information criterion (AIC) for the nonlinear
time series,19 that is,

AIC. p/ D .N ¡ m/ log O¾ 2
p C 2

³
2p C

pX

i D 1

ri C 1

´
(11)

where O¾ 2
p is the least-squareestimate of the residual variance of the

model. The last term in Eq. (11) represents the double of the number
of estimated parameters in the model, including the � tted mean. For
each ° , the � tted models are compared again using the AIC, and the
model with the smallest AIC is chosen.

The complexity of the singular value decomposition method is
proportionalwith

.N ¡ m/

³
2p C

pX

i D 1

ri

´2

C
³

2p C
pX

i D 1

ri

´3

(12)

Thus, the estimationmethod is computationallyef� cient for models
of reasonably large order.

SETAR
The essential idea underlying the SETAR models is a piecewise

linearization of the nonlinear models over the state space with the
introductionof thresholds.

Let ft0; t1; : : : ; tl g denote the thresholds, that is, a linearlyordered
subsetof real numbers, such that t0 < t1 < ¢ ¢ ¢ < tl , where t0 D ¡1
and tl D C 1. A self-exciting threshold autoregressive model of
order .lI p; : : : ; p/ or SETAR .lI p; : : : ; p/, where p is repeated l
times, is a univariate time series fXng of the form

Xn D a. j /
0 C

pX

i D 1

a. j /
i Xn ¡ i C e. j/

n (13)

conditionalon Xn ¡ d 2 T j , j D 1; 2; : : : l, where T j D .t j ¡ 1; t j ], d is
a � xed integer belonging to f 1; 2; : : : ; pg, and fe. j/

n g is a Gaussian
uncorrelated white noise sequence. If for j D 1; 2; : : : ; l, we have
a. j/

i D 0 for i D p j C 1; p j C 2; : : : ; p, then fXng is known as a
SETAR.lI p1; p2; : : : ; pl / model. Hence, a SETAR .1; p/ model
is equivalent to a linear autoregressive(AR) model of order p.

We now brie� y describe the parameter estimation21 for a
SETAR.2I p1; p2/ model. First, let d and m be prede� ned, where
m is the maximum regression order of the two linear AR mod-
els, and let n0 be the maximum of d and m. The choice of m is
subjective and usually depends on the sample size. To estimate
the threshold t1, we try some of the sample quantiles, for exam-
ple, fQ0:30; Q0:40; Q0:50; Q0:60; Q0:70g, where by de� nition, for any

0 < q < 1, exactly 100q% of the data are less than Qq . For each
choice of t1, the data set is rearranged into two subsets, and two
subsystems of linear AR equations are set up. The � rst subset con-
tains the observations less than or equal to t1, and the second subset
contains the observations greater than t1 . The coef� cients are then
estimatedusinga singularvaluedecompositionfor eachof thecorre-
spondingmatrices.For each valueof t1 and d, we apply the Akaike’s
information criterion to determine p1 and p2 , the orders of the two
linear ARs.

A combinationof a SETAR model with EXPAR models is further
developed for an aeroelastic model with freeplay. To construct this
model, we replaced the linear AR models in Eq. (13) with the EX-
PAR models given by Eq. (2). The parameters are estimated com-
bining the algorithms for EXPAR and SETAR models. The most
dif� cult task for these models is to � nd the thresholdsand the delay
parameter d. In EDMS, we use mainly exploratory data analysis
(the methods presented in Ref. 18, chapters 7.2.3 and 7.2.9).

UF
A typical EKF linearizes all nonlinear models using Jacobians,

so that the traditional Kalman � lter (KF) equations can be applied.
However, in practice, linearization can produce highly unstable � l-
ters if the local linearityis violated.In addition,the functionsmust be
at least continuousdifferentiable,and the derivationof the Jacobian
matrices is usually expensive and nontrivial in most applications.

In this paper, we consider the UF,8;15 which applies the recursive
linear estimator structure of the KF, but it eliminates the EKFs lin-
earization assumptions. Because no Jacobian matrices are needed,
it only requires continuity, but not differentiability. (This is of ob-
vious importance for a freeplay model.) In contrast to � rst-order
accuracy of the EKF, the UF is capable of accurately capturing the
true posteriormean and covarianceup to the thirdorder. For general
state-space problems, the EKF and the UF have an equal compu-
tational complexity O.s3/, where s is the dimension of the state
space.

Consider a general nonlinear discrete-time system

xn C 1 D f .xn ; un C 1; vn C 1/ (14)

yn C 1 D h.xn C 1; un C 1/ C wn C 1 (15)

where f .¢; ¢; ¢/ is the processmodel, h.¢; ¢/ is the observationmodel,
vn C 1 and wn are Gaussian noise vectors from uncorrelated white
sequences,andun C 1 is the inputvector.The classicalKalmanupdate
equations at time n C 1 are

Nxn C 1 D Oxn C 1 C Gn C 1ºn C 1 (16)

NPn C 1 D OPn C 1 ¡ Gn C 1
OPº.n C 1/G

T
n C 1 (17)

Here, ºn C 1 is the innovation, and Gn C 1 is the Kalman gain:

Gn C 1 D OPx y.n C 1/
OP¡1
º.n C 1/

(18)

With this updatingscheme, the main problemremainsthe optimal
prediction of Oxn C 1 and OPn C 1. For nonlinear models, both the EKF
and the UF approximate these quantities.To state the UF equations,
let de� ne an augmented vector xa

n , where xa
n D .xn ; vn C 1/

T . For the
UF � ltering algorithm, the following steps must be carried out.15

1) Compute a set of translated sigma points from NPa
n , the covari-

ance matrix of Nxa
n :

¾ a
i .njn/ Ã rows or columns from §

£
.s C q C ° / NPa

n

¤ 1
2

Â0.njn/ D Nxa
n ; Âi .njn/ D ¾ a

i .njn/ C Nxa
n (19)

2) Evaluate Âi .n C 1jn/ D f .Âi .njn/; un C 1/, for i D 0; : : : ;
2.s C q/.

3) Compute the predicted mean as

Oxn C 1 D 1
s C q C °

»
° Â0.n C 1jn/ C 1

2

2.s C q/X

i D 1

Âi .n C 1jn/

¼
(20)
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4) Compute the predicted covarianceas

OPn C 1 D
1

s C q C °

»
° [Â0.n C 1jn/ ¡ Oxn C 1][Â0.n C 1jn/ ¡ Oxn C 1]T

C
1

2

2.s C q/X

i D 1

[Âi .n C 1jn/ ¡ Oxn C 1][Âi .n C 1jn/ ¡ Oxn C 1]
T

¼
(21)

5) Predict the expected observation Oyn C 1 and the innova-
tion covariance OPº.n C 1/ using similar formulas and Yi .n C 1jn/ D
h[Âi .n C 1jn/; un C 1].

6) Predict the cross-correlationmatrix OPx y.n C 1/ using Yi .n C 1jn/
and Âi .n C 1jn/.
To minimize the mean-squared error up to the third order, the pa-
rameter ° must be chosen equal to 3 ¡ s.

To apply the UF for simulated and experimental aeroelasticdata,
a mathematical model expressed by a nonlinear ODE system2;5 is
employed:

X
0
.t/ D AX .t/ C F[X .t/] (22)

Here A is a matrix, F is a nonlinear function, X is the state vector
representing the plunging de� ection » , the pitch angle about the
elastic axis ®, and their derivatives» 0 and ®0. We consider functions
F that can be expressed mathematicallyby polynomials in pitch or
plunge, or in a freeplay case, F is a continuous piecewise linear
function. Only two variables, the plunging de� ection and the pitch
angle, can be measured in practice. Hidden variables correspond
to » 0, ®0, and the system parameters. When Eq. (22) and a fourth
order Runge–Kutta integration scheme are used, the problem can
be reformulated in a discrete-time state-space form:

µ
xn C 1

an C 1

¶
D

µ
f .an; xn/

an

¶
C vn C 1 (23)

yn C 1 D
µ

1 0 0 : : : 0

0 1 0 : : : 0

¶ µ
xn C 1

an C 1

¶
C wn C 1 (24)

where xn D [»n; ®n ; » 0; ®0]T , an is a vector formed with the system
parameters (the elements of the matrix A and the coef� cients of the
polynomialor piecewise linear function F ), yn D [»n ; ®n]T , and f is
a nonlinear continuous function corresponding to the Runge–Kutta
scheme for Eq. (22). The � lter simultaneouslyproducesestimations
for the system parameters and for » , ®, » 0 and ®0.

After the application of the � lter using the transient noisy obser-
vations, the predictor is applied to provide the asymptotic system
behavior. The parameters are chosen to be the last values estimated
using the � lter. For the UF predictor, the correspondingstate-space
formulation is given by

xn C 1 D f .a; xn/ C vn C 1 (25)

yn C 1 D
µ

1 0 0 0

0 1 0 0

¶
xn C 1 C wn C 1 (26)

where a is a constant vector containing the estimated values of the
parameters. Here the dimension of the state space is four, and the
dimension of the observation space remains two.

A theoretical study of the estimation error for the nonlinear sys-
tem (24) and (23) is dif� cult, especially in a freeplay case, when
the function f is not differentiable. Because the method is mainly
employed for predictions,when we run the � lter, we check numeri-
cally the convergenceof the estimations of the parameters. We also
study the accuracy of the predicted values for » and ®.

Veri� cation
To measure theaccuracyof the long-termprediction,theavailable

input data are divided into two subsets: the training set and the test
set. The training set is used to estimate the parametersof the models
to be used for predictions.The test set is used to check the accuracy

of thepredictions.The performanceassessmentis basedon the study
of the residualson both the trainingand the test sets.An advantageof
this method is that it emphasizes the predictive aspect of the model
selection.

Two different methods, the nonlinear time series models and the
UF, are being proposed for prediction in the EDMS. Hence, a diag-
nostic check for each predictioncan be performedby comparing the
results of these two different approaches.Other predictionmethods,
such as a neural-network approach,7 can be easily incorporated to
enhance the capability of the proposed EDMS.

A typicalexpert systemconsistsof two core components,namely,
the knowledgebase and the reasoningengine. In the presentEDMS,
the knowledge base involves data analysis reported in the preced-
ing section, in which the nonlinear time series models and the UF
method are used to process the input data and to provide long-term
predictions. Before an output and conclusions are presented, the
information obtained from the knowledge base must be reasoned,
and certain rules have to be satis� ed. In our system, a simple rule is
applied, namely, the long-term predictions and their classi� cation
as LCO or stable or unstable oscillations are given as the system
output provided two solutions from two different approaches in the
processing step agree.

Applications
We have implemented the preprocessing, prediction, and veri� -

cationstepsusinga CCC-based program.To demonstrate the effec-
tiveness of the developed EDMS, we report long term predictions
using simulated and experimental aeroelastic data. With the non-
linear time series approach, for each new set of data we need to
estimate the parameters.When only the initial conditionsare differ-
ent, to use the same parameter estimation for several sets of data,
the expectationmaximization algorithm can be used in conjunction
with the UF.22 However, note that the two approachespresentedhere
are computationally attractive and that they can be considered for
real-time applications.

In Figs. 2–7, the x axis displays the nondimensional discrete
time and the y axis the pitch angle in radians or the nondimensional
plunging de� ection.

Simulated Data
The input data is generatedfroma mathematicalmodel that simu-

latesa two-degree-of-freedomairfoiloscillatingin pitchandplunge2

» 00 C x®®00 C 2³» . Q!=U ¤/» 0 C . Q!=U ¤/2G.» / D ¡.1=¼¹/CL.¿ /

(27)¡
x®

¯
r 2

®

¢
» 00 C ®00 C 2

¡
³®

¯
U ¤

¢
®0 C .1=U ¤2/M.®/

D
¡
2
¯

¼¹r 2
®

¢
CM .¿ / (28)

where G.» / and M.®/ are the nonlinear plunge and pitch stiffness
terms and CL .¿/ and CM .¿ / are the lift and pitching moment co-
ef� cients. The integro–differential system can be reformulated2 as
an ODE system similar to Eq. (22). The structuralnonlinearitiesare
represented by the the nonlinear stiffness terms G.» / and M .®/.

The nonlinear aeroelastic system is solved numerically using a
fourth-order Runge–Kutta time-integration scheme. To investigate
more realistic test cases, extra white noise with the signal-to-noise
ratio (SNR) 5 is added to the simulated data. A typical input data
consistsof the 150–400 transientobservations.The majorityof these
data are used as a training set, and the remaining data form the test
set. We illustrate here the freeplay case with system parameters
chosen so that the aeroelastic responses correspond to LCOs and
unstable oscillations. In Fig. 2, we display data corresponding to
the pitch motion corrupted with additive Gaussian white noise with
variance 0.078 (SNR D 5). The asymptotic state is an LCO.

The UF method is applied directly to the noisy data. Because
the nonlinearities are expressed only in terms of ® and » , we con-
sider a reduced form in which the state variable x includes only the
pitch angle ®, the plunging de� ection » , their derivatives®0 and » 0,
and the system parameters. There is no obvious relation between
the parameters of the reduced and original system, but because we
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Fig. 2 SimulatedLCOs: a) ——, pitch motionand – – –, UF prediction
and b) ————, pitch motion and – – –– – –, EXPAR prediction.

Fig. 3 Performance: ——, Monte Carlo estimated variances and – – –,
UF MSE.

are mainly interested in prediction, it is desirable to work with the
reduced form.

In order to examine the performances of the UF method, we
perform a Monte Carlo simulation to obtain estimates of the true
covariance.After tuning the � lter, we apply the � lter to 50 different
sets of data simulated using the clean signal and additive Gaussian
white noisewith variances0:078 and 0:25, for ® and » , respectively.
The training set is formed with the � rst 295 noisy observationsplot-
ted in Fig. 2a. The � rst 295 observations plotted with dashed lines
represent the average � ltered signal for the pitch motion. In Fig. 3,
we present the average mean-square errors (MSE) calculated using
the UF, that is, theaverageof the diagonalelementsof thecovariance
predicted with UF, together with estimations of the true variances
usingthe MonteCarlo simulation.Here the UF is dealingwith a con-
tinuouspiecewise linear function.Despite the fact that this function
is not differentiable, the performances of the � lter are excellent.
Thus, the UF can be regarded as a reliable tool to perform good
predictions. Indeed, Fig. 2a indicates excellent agreement between
the predictions (dashed lines), starting at n D 295, and the simu-
lated noisy signal (solid lines). We observe that even the long-term
predictions are very accurate.

The UF method requires additional information regarding the
associated aeroelastic system and the nature of the nonlinearities.
However, to � t an EXPAR model, we only need the discrete time
series. Because the accuracy of the results obtained with the non-
linear time series method is sensitive to the SNR, we � rst apply a
denoising procedure using a translation invariant hard thresholding
with the Daubechies orthogonalwavelets.17 In Fig. 2b, we compare
the noisy signals (solid line) with the denoisedsignals (dashed line),
for n D 1 to n D 294. Using the denoised signal, we � t an EXPAR
model with polynomials of degree 3, ° D 11:89, p D 20, and train-
ing sets from n D 40 to n D 294. The predictions (dashed line), for
n D 295 to n D 1000, are also displayed in Fig. 2b.

Fig. 4 Fourth-order difference in pitch motion.

The EXPAR models do not require any information about the
threshold structure of the freeplay nonlinearity.However, from the
study of the fourth-order differences of the simulated aeroelastic
signal associated with the noisy observations,we notice periodical
changes in the dynamics of the model, as shown in Fig. 4. This is
caused by the nondifferentiability of the function M.®/ near the
switching points. The values corresponding to the peaks shown in
Fig. 4 are indeed correspondingto the exact locationsof the switch-
ing points in the freeplay model, where ® D 0:25 and ® D 0:75 in
the present case study. Thus, from studying the differences of the
simulated signal, we are able to determine whether the nonlinearity
is representedby a freeplay model. Moreover, we can also estimate
the correspondingfreeplay parameters. Robust techniques for � nd-
ing the threshold structure in the presence of noise are currently
being investigated.

To improve our nonlinear predictions, we implement the thresh-
old structure into the nonlinear time series model. Hence, we com-
bine the SETAR with the EXPAR models. Because there are more
parameters to be estimated, the sampling step is reduced for the
initial time series. The delay parameter d D 8 is found by studying
the plots of several lagged regressions.18 An EXPAR model (1) is
used for the � rst region, and EXPAR models (2) with polynomials
of degrees 3 and 2, respectively,are � tted for the other two regions.
The prediction results are very similar to those shown in Fig. 2b,
but the model becomes more complicated.

When the results obtained using the UF (Fig. 2a) are compared,
the predictionsusing nonlinear time series models are less accurate.
However, the predicted frequencies and amplitudes of LCOs are in
good agreement with the simulated data.

Even though we only report the results in the pitch degree of
freedom,theproposedEDMS alsoprovidesexcellentpredictionsfor
the correspondingplunge motions. When the UF method is applied,
we obtainaccuratepredictionsforboth the pitch and plungemotions
and their derivatives.

The EDMS can be used also for predicting divergent signals. To
illustratethis for thepitchmotion,we generatethenoisy signal(solid
line) shown in Fig. 5. Because the results obtained using EXPAR
models are similar, we present only the predictions using the UF
approach.

The training set contains the � rst 294 observations (solid lines).
Looking only at this transient data, it seems that the asymptotic
state of the system may be an LCO. However, the EDMS accu-
rately predicts the long-term behavior of this divergent system. The
� ltered signal (dashed line, from n D 1 to n D 294) and the predic-
tions (dashed line, from n D 295 to n D 1500) for the pitch motion
are also shown in Fig. 5.

Experimental Data
We illustrate the performance of the EDMS for wind-tunnel ex-

perimentaldata recordedat the Texas A&M University.The data are
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Fig. 5 Divergent signals: ——, unstable oscillations of the pitch dis-
placement and – – –, UF prediction.

Fig. 6 Experimental LCO: a) ——, plunge motion and – – –, UF pre-
diction and b) ————, plunge motion and – – –– – –, EXPAR prediction.

available at http://aerounix.tamu.edu/aeroel [cited 21 May 2003].
We consider two cases studies, one corresponding to a LCO (data
from the � le DN04J.dat) and the other corresponding to a steady
state (data from the � le DN04A.dat). Because the noise effect asso-
ciated with the observations is not too severe, no denoising proce-
dure is necessarywhen � tting the EXPAR models. To apply the UF,
we consider the state-space form5 of the following mathematical
model, which corresponds to the experimental data:
µ

m mx®b

mx®b I®

¶ µ
» 00

®00
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µ
c» 0
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» 0

®0

¶
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¶
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¡L
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¶
(29)

The term k®.®/ is the nonlinear spring stiffness associatedwith the
pitching motion, and it can be approximated by a polynomial.5

The results for the LCO case are shown in Fig. 6 for the plunge
motion. In the UF approach, the training set contains data from
n D 100 to n D 349. The measured signal (solid lines) is compared
with the � ltered (dashed lines, from n D 100 to n D 349) and pre-
dicted signals (dashed lines, from n D 350 to n D 1000). The results
presented in Fig. 6a demonstrate accurate long-term predictions.
For the LCO data set, excellent predictions are also obtained using
the EXPAR models. The measured (solid lines) and the predicted
(dashed lines) signals are shown in Fig. 6b. For the plunge motion,
the predictions start again at n D 350, and the training set contains
only the observations between n D 200 and n D 349. In the EX-
PAR model, polynomialsof degree 3 are employedwith p D 12 and
° D 43:1.

From the � rst 350 transient observations, the prediction leading
to an LCO is not obvious. However, the results presented in Fig. 6

Fig. 7 Experimental damped oscillation: a) ——, pitch motion and
– – –, UF prediction and b) ————, pitch motion and – – –– – –, EXPAR
prediction.

clearly demonstrate that both methods implemented in EDMS are
capable of providing excellent long-termpredictions for the plunge
displacement.

InFig. 7,we presentthe resultsobtainedfor thepitchmotionwhen
the aeroelastic system exhibits a steady damped oscillation.For the
plunge motion, the quality of the prediction is similar, and they are
not reported here. In the UF approach, the training set contains the
observations from n D 160 to n D 409. The measured signal (solid
lines), the � ltered signal (dashed lines, from n D 160 to n D 409),
and thepredictedsignal(dashedlines, fromn D 410 to n D 1000)are
shown in Fig. 7a. For the EXPAR model, the predictions (dashed
line) starting at n D 410 and the measured signal (solid lines) are
comparedin Fig. 7b. In this model, polynomialsof degree1 are used
with ° D 0:1 and p D 2. The training set contains the observations
from n D 260 to n D 409. Both methods are capable of providing
accurate predictions for the damped oscillations.

Conclusions
The illustrativecase studies reported in the present paper clearly

demonstrate that the proposed expert data mining system can accu-
rately predict the LCO and damped and unstable oscillations.

For experimental aeroelastic data with polynomial restoring
forces, and for simulated data corresponding to the cubic spring
case, the amplitude-dependent EXPAR models seems to be very
appropriate. In these cases, the nonlinear time series model pro-
vides long-termpredictionsof the same accuracyor sometimeseven
greater accuracy than the UF.

For a freeplay model, the predictions obtained using the UF are
more accuratethan thoseobtainedwith nonlineartime seriesmodels.
For the presentcase studies, the UF seems to performmore effective
denoising than the wavelet � lters. However, the wavelet � lters and
the time series models do not require any information about the
structure of the dynamic system associated with the input data. To
implement the UF method, even if no information about the system
parameters is given, the speci� c type of the nonlinearitiesassociated
with the aeroelastic system must be known. Thus, for a freeplay
model, the extra informationseems to be the reason leading to better
performance.

The proposed expert data mining system can be considered a
useful tool in the study of nonlinear aeroelastic response. Other
methods, such as neural networks or the expectation maximization
algorithm, can be easily incorporated in the processing module of
the expert data mining system. The present investigationalso offers
the opportunity for using the same approach in other applications,
such as � ight dynamics and active vibration control systems.
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